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1. INTR~OUCT~~N 
In this work it is shown that if a locally finite and locally solvable group 
(locally finite-solvable) has an involutory automorphism whose centralizer in 
the group is a Cernikov group, then the group is solvable. If the centralizer is 
trivial then the group is nilpotent by a theorem of Thompson 13, Theorem 
10.2.1.1, and if the centralizer is finite then this result is a special case of a 
theorem of &mkov [lo]. However, if the group is a P-group for some prime 
p and the centralizer is finite then the group is a hypercentral group. It is not 
known yet if these results are still true for an automorphism of any order. 
Also, the above result enables us to state the problem of Kegel and Wehrfritz 
(6, Question V.l] in a more definitive form: Is a locally finite group 
solvable-by-finite if it contains an involution with Cernikov centralizer? Up 
to now this problem has been solved only in some special cases (see [ 1, 6, 8, 
iO]), but the complete answer to the problem is not yet known. The main 
results of this work are contained in the following theorems. 
THEOREM 1. Let P be a locai@Jnite p-group for some prime p # 2. Let 
w be an involutory automorphism of P. If Cp(w) is a cernikov group then P 
is solvable. In particular if C,(w) is finite then P is a hyper~entra~ group. 
THEOREM 2. Let G be a locally unite-solvable group. Let w be an 
involution of G such that C,(w) is a cernikov group. Then G is solvable. 
A locally finite group G is called a cernikov group if it is abelian-by-finite 
and satisfies the minimum condition on subgroups. Let A denote the 
maximal divisible subgroup of G. The ordered pair (]G:A 1, rank(A)) is 
called the size of G. 
The last member of the (trans~nite) upper central series of a group is 
called the hypercenter of the group. A grouip is called hypercentral if it 
coincides with its hypercenter. 
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Let G be a locally finite group and let u c n(G). A maximal u-subgroup of 
G which contains a conjugate of every finite u-subgroup of G is called a Hall 
u-subgroup of G. 
2. PROOF OF THEOREM 1 
LEMMA 2.1 (Cf. Exercise, p. 108 in [ci]). Let G be a locally finite- 
solvable group and let w be an element of prime order such that C,(w) is a 
cernikov group. Then G contains a nontrivial normal abelian subgroup. 
Proof: If C,(w) # 1 for every normal subgroup N # 1 of G, then any 
descending chain of nontrivial normal subgroups of G has a minimal element 
since C,(W) is a Cernikov group, so G contains a minimal nontrivial normal 
subgroup U by Zorn’s Lemma and also U is abelin by [7]. If G contains a 
normal subgroup N # 1 such that C,(w) = 1 then N is nilpotent by 13, 
Theorem 10.2.11 and hence 1 f Z(N) 4 G. 
LEMMA 2.2. Let P be a local~~nite p-group for some prime p, and w be 
an automorphism of P of arder a prime q # p. Suppose that C,(w) is a 
cernikov group. If Z(P) = 1, then P contains a nontrivial normal subgroup 
on which w operates re~lurly. 
Proof: If C,(w) ?t 1 for every normal subgroup N # 1 of P then, as in the 
proof of the above lemma, P contains a minimal normal subgroup N,, # 1 
and then N, E Z(P) by [7], which is a contradiction. So, P contains a 
maximal normal subgroup V # 1 subject to the condition that C,(w) = 1. 
Then, C,(w) + 1 for every normal subgroup N of P which contains Y 
properly, so as before the group P/V contains a minimal normal subgroup 
U/V # 1. Then V/V E Z(P/V). Also, C,(w) # 1 by the maximality of I/. 
Hence there exists y E C,(w) such that 1 # yV E Z(P/V). Then also yv” = 
(y V)‘+ E Z(P/V’“). Now define 
K= n P/F and D= n VX. 
xc(w) XE(W) 
The mapping gD -+ ( gVx)xe(w) is an embedding of P/D into K, and since 
tY~Leov) is in the center of K, we have Z(P/D) f 1. Clearly, then D # 1 
since Z(P) = 1 by hypothesis and so D is a desired subgroup of P. 
LEMMA 2.3. Let H be a locally finite group such that every element of H 
has odd order and let w be an inuolutory automorphism of H. If N is a 
normal subgroup of the split extension H(w) such that C,(w) = 1, then N is 
abelian and H = C,(w) C,,(N). 
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ProoJ Clearly N is abelian and inverted by w by [3, Theorem 10.2.11 
since w operates regularly on it. Since H = C,(w)[H, w] by [3, Theorem 
5.3.51 it suffices to show that [H, w] c C,(N). Let h E H and y = h-‘/r”, 
then yw =y-‘. Clearly w normalizes the group N(y). Suppose if possible 
that (y”n)” =y% # 1, for some number s > 1 and n E N. Then y-Y* =ysn 
and y2’ = n-’ EN, hence ys EN since y has odd order and so y% EN 
contrary to the hypothesis. So, as above N(y) is abelian and y E C,(N). 
Now since [H, w] is generated by all the commutators h-‘/r” with h ranging 
in H it follows that [H, w] c C,(N), as asserted. 
Proof of the theorem. Let P be a counter example to the theorem such 
that the size of C,(w) is as small as possible. Let X denote the normal 
closure of C,(w) in P. Since C,,,(wX) = C,(w( X/X= 1 by [3, Theorem 
6.2.21, the group P/X is abelian as above. Thus without loss of generality we 
may asume P = X. 
If V denotes the hypercenter of P, then VQ P(w) and also v’ c I’ by [9, 
V1.3.k Theorem] if V# 1. Hence C,(w) sf v’ and so I” and hence also V is 
solvable by induction assumption. But clearly P/V satisfies the hypothesis of 
the theorem, therefore without loss of generality we may let I’= 1. Thus in 
particular Z(P) = 1. 
Now by Lemma 2.2 P contains a w-invariant normal subgroup N # 1 and 
then P = C,(w) C,(N) by Lemma 2.3. Clearly C,(N) is a w-invariant proper 
normal subgroup of P since Z(P) = 1, hence C,(w) @ C,(N) and so C,(N) is 
solvable. Also P/C,(N) is solvable since C,(w) is solvable. Then P is 
solvable contrary to the assumption. Thus the proof of the first part of the 
theorem is complete. 
Next suppose that C,(w) is finite. Let P be a counter example such that 
]C,(w)( is as small as possible. Without loss of generality we may suppose 
that the hypercenter V of P is trivial, because if I’# 1 then we may pass on 
to P/V since this also satisfies the hypothesis of the theorem. Thus now 
Z(P) = 1. Then by Lemmas 2.2 and 2.3 there exist 1 #N a P(w) such that 
P = C,(w) C,(N). Clearly C,(N) c P since Z(P) = 1, hence C,(w) & C,(N) 
and so C,(N) is hypercentral by induction assumption. Then site P/C,(N) is 
finite it follows that P is hypercentral by [2, Lemma 1.31. This completes the 
proof of the theorem. 
The following example shows that, if in the above theorem C,(w) is not 
finite, then P is not necessarily hypercentral. 
EXAMPLE. Let p be an odd prime and let X be a group of order p. Let A 
be an infinite locally finite-cyclic p-group. Let t be an involution. Let G be 
the restricted wreath product of X by A x (t). Put G =X wr(A x (t)). Let B 
denote the base group of G, then B = CB(t) X [B, t]. Clearly [B, t] is inverted 
by t and also normalized by A. Now define P = [B, t] A and H = P(t). Then 
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C,(t) = A which is a Cernikov group. We claim that Z(P) = 1. Assume not. 
If Z(P) GA then C,(A) # 1 which is impossible by [6, p. 741, hence 
Z(P) E A. Choose 1 # z E Z(P). Since z centralizes [B, t] and t, it follows 
that t centralizes [B, z]. Choose b E B such that b(z) # 1 but b(x) = 1, for all 
x # z in A x (t). Then y = b-lb’ is centralized by t that is y’=y. But, 
y(z) = b-‘(z) b’(z) = b-‘(z) b(1) = (b(z))-’ # 1 and y’(z) = y(zt) = 
bb’(zt) b(t) = 1, since zt # z # t, hence y’ # y, which is a contradiction. Thus 
Z(P) = 1 and so P is not hypercentral. 
3. PROOF OF THEOREM 2 
The proof of the first part of the following lemma is extracted from the 
proof of [5, V.I.1.7 Hauptsatz]. 
LEMMA 3.1, Let G be a countable locally jinite-solvable group and let 
II = II(G). Let w be a II’-automorphism of G. Let u c II. Then the following 
hold. 
(a) If F is afinite w-invariant subgroup of G then every w-invariant u- 
subgroup of F is contained in a w-invariant Hall u-subgroup of F. 
(b) There exists a Hall u-subgroup of G which is invariant under w. 
Proof. First we prove (a). We use induction on ] FI . Let H = F(w). Let V 
be a w-invariant u-subgroup of F. Let A be a minimal normal subgroup of H 
contained in F. Then A is an abelian p-subgroup of F for some primep since 
H is solvable. Let fi = H/A. Since IF] < 1 F\ , there exists a Hall u-subgroup 
X of F such that F G x and d is invariant under R. Then X = A Y for some 
Hall u-subgroup Y of F and V c AY, also we may suppose that Y is 
invariant under w by [3, Theorem 6.2.21. If p E u then A s Y and hence 
Vc Y. So suppose that p @ u. Then V is a Hall u-subgroup of AV and AV= 
AVnAY=A(AVnY)=AX, where X=AVnY. Hence X is a Hall u- 
subgroup of A V which is also w-invariant. Then there exists c E C, y(w) such 
that V = F C_ I” by the proof of [3, Theorem 6.2.21, also cearly Y” is w- 
invariant. 
Next we prove (b). Since G is countable it has an ascending chain of w- 
invariant finite subgroups 
G,cG,c...cG,.... 
such that G = U ,“= 1 G, . Now we can choose a Hall u-subgroup S, of G, for 
all n > 1 by induction on n such that S, n G, = S, for all k < n and S, is w- 
invariant. By [3, Theorem 6.2.21 G, has a w-invariant Hall u-subgroup S,. 
Suppose that S, has already been chosen for some n > 1. By (a), there exists 
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a Hall u-subgroup S,, , of G,, i such that S, z S,, , and also S,, , is W- 
invariant. This completes the induction. Now define S = U,“, S, then 
clearly S is a Hall u-subgroup of G and also it is invariant under W. 
LEMMA 3.2. Let p and q be distinct primes. Let G = AB(w), where A is 
a normal abelian p-subgroup and B is an abelian ( p, q)‘-subgroup of G with 
B” = B and w is an element of G of order q, If C,(w) is finite then 
(B: C,(A)/ is finite. 
ProoJ: By [3, Theorem 5.2.31, A = C,(w) X [A, w] and B = 
C,(w) x (B, w], so if U = [A, w] and I’= [B, w] then w operates on them 
regularly and also /A: U] and IB: V] are finite by hypothesis. Let 
D = C,(w) n C,(V). First suppose that D = 1. 
Since D = 1 and C,(w) is finite, there exists a finite subgroup F of V such 
that C,(w) n C,(F) = 1 and F is invariant under w. If K denotes the core of 
AF in U then IAF: K] is finite since IA : U] is finite, also w operates regularly 
on K. Clearly, then w operates regularly on KF, so KF is nilpotent and 
KF = K X F. Hence if L = C,(F) then (A : L ] is finite. But now L is invariant 
under V and w, so for the same reason as above L V = L x V. 
Let G = G/L. Then ] v: C&)] is finite since x is a finite normal subgroup 
of G. Let X be the subgroup of V such that Cl@) = 2. Thus ] V: XI is finite 
and [A, X] c L. Also [X, L] = 1, hence [A, X,X] = 1 and so [A, X] = 1 by 
[3, Theorem 5.3.61 which implies that X = C,(A). Also 1 B : X] is finite since 
IB : VI and ] I’: XI are finite. 
Next suppose that D # 1. Then D Q G. Let G = G/D. Then CiT(W) = - - 
C’(w), which is finite, and C,(ti) n CA#) = C,(w) n C,(V) = 1. Then 
) V: C&i)1 is finite by the first case and so it follows as above that 
] V: C,(A)1 is finite. 
LEMMA 3.3. If in the above lemma B is any solvable ( p, q I’-subgroup of 
G and if C,(w) is a cernikov group, then B/C,(A) is a cernikov group. 
Proof: Let U = Qn,(A). Since C,(A) = C,(U) by [3, Theorem 5.2.41, it 
suffices to show that B/C,(U) is Cernikov. Let H = UB, clearly H is 
invariant under w. Let D = C,(U) and let H = H/D. Assume if possible that 
B is not a Cernikov group, then B contains an infinite elementary abelian 
subgroup L which is invariant under w by [4, Theorem 11. Clearly C,(W) is 
finite since C&W) is still a Cernikov group. Now L = C,(W) X [L, w]. Let X 
be the inverse image of [L, G] in B. Then 2 is infinite since L/x is finite. -- 
Consider now the group K = UX. Then C,(G) is finite by definition of U and 
X, hence IX: CAO)] is finite by Lemma 3.2. Let E be the inverse image of 
C~I!?) in X. Then U normalizes the p/-group E, hence E= 
C’do) = C,(U) = 6= 1 by [3, Theorem 62.21 but then IX]= 12: E] is finite 
which is a contradiction. 
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Proof of the theorem. Let G be a counter example to the theorem such 
that the size of C,(w) is as small as possible, Clearly, if every countable 
subgroup of G is solvable then so is G. Therefore we may suppose that G is 
countable. Since C,(w) is a Cernikov group, any 2-subgroup of G is also a 
Cernikov group by [6, 3.2 Lemma], then a theorem of Kargapolov [6, 3.17 
Theorem] yields that G/OG is solvable. Now, X= C,(w)n O(G) has the 
same size as C,(w) since O(G) is not solvable, hence if M denotes the 
normal closure of X in G then M c O(G) and G/M is solvable since 
C,,(wM) = C,(w) M/M has smaller size than C,(w). So, without loss of 
generality we may let G = M(w) = O(G)(w). 
Let u = n(C,(w)) and let U’ = ZZ(G)\u. Then u is finite. By Lemma 3.1(b) 
G has a Hall z&subgroup R which is invariant under w, then R must be 
abelian since w operates regularly on it. 
Next let V denote the hypercenter of O(G). Then since V’ c V, V’ is a 
proper normal subgroup of O(G) which is invariant under w, so C,(w) & I” 
and the subgroup I” and hence also V is solvable by induction assumption. 
But since G/V satisfies the hypothesis of the theorem we may suppose 
without loss of generality that I’= 1. 
Now M = O(G) contains a normal abelian p-subgroup A # 1 of G for 
some prime p by Lemma 2.1. Let B = C,&A). Then B U G but B c O(G) 
since Z(B) # 1, hence C,Jw) & B and so B is solvable by induction 
assumption. Let G = G/B. 
First we show that if t E ZZ(G) and t fp then any t-subgroup of G is a 
Cernikov group. By Lemma 3.1(b) G has a Sylow t-subgroup T which is 
invariant under w, then i= is a W-invariant Sylow p-subgroup of G since G is 
countable. On the other hand r= TB/B 2 T/Tn B = T/CT(A). But Lemma 
3.3 can be applied to AT and it yields that T/C,(A) is a Cernikov group, so 
it follows that T is a Cernikov group. 
Next we claim that n(G) is finite. Clearly, n(G) = n(K) U u since E is a 
Hall z/-subgroup of the locally solvable group G, so it suffices to show that 
n(E) is finite. Ifp E u’, then A s R and R is abelian, hence R c B and R= 1 
so n(R) is empty in this case. So, suppose that p E U. Then Lemma 3.3 can 
be applied to AR and we deduce from it that R/C,(A) is a Cernikov group. 
Hence since RZ R/C,(A) it follows once again that n(E) is finite. 
Now since G is a Min-t group for each t E D(G) such that t #p it follows 
from [6, 3.17 Theorem] that G/O,,(G) is solvable. Let 
D = n O,@), 
P#renG~ 
Then c/D is solvable since each G/O,,(G) is solvable and n(G) is finite. 
Also D is solvable by Theorem 1 since it is a p-group, so it follows that G is 
solvable. Now since G = G/B and B is solvable it follows that G is solvable, 
contrary to our assumption on G. This completes the proof of the theorem. 
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